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ISOLATED AND CASCADE AIRFOILS WITH PRESCRIBED VELOCITY DISTRIBUTION 
Ry ARTHUR W. GOLDSTEIN and MEYER JERISON 
SUMMARY 
An exact solution of the problem of designing an airfoil with 
a prescribed velocity distribution on the suction surface in a 
given uniformJlow of an incompressible perfectjluid is obtained 
by replacing the bou.ndary of the airfoil by vortices. By this 
device, a method of solution is developed that is applicable both 
to isolated airfoils and to airfoils in cascade. The conformal 
transformation of the designed airfoil into a circle can then be 
obtained and the velocity distribution at any angle qf attack 
computed, Numerical illustrations of the method are given for 
the airfoil in cascade. 
INTRODUCTION 
The problem of increasing the output per stage in axial- 
flow compressors and turbines involves the use of high- 
solidity (closely spaced blades) stages of highly cambered 
blades. In addition, the velocity distribution must be care- 
fully selected as a function of arc length along the airfoil 
(blade section) boundary in order to avoid flow separation or 
excessively high local velocities. 
Several methods arc available for obtaining an airfoil with 
a prescribed velocity distribution. The methods that lead to 
theoretically exact results are based on conformal-mapping 
theory. (See refcrenccs 1 ancl 2.) In reference 3, b1utterptrl 
extends the method of conformal mapping to solve the 
problem of computing a cascacle of airfoils with prescribed 
velocity distribution but, for cascades with closely spaced or 
highly cambered airfoils, this procedure becomes very cum- 
bersome. Approximate solutions have been obtained by 
placing singularities such as vortices, sources, and sinks in a 
uniform stream. The shape of sections of airfoils in cascade 
can also be computed by distributing such singularities 
periodically throughout the region of the cascade, as described 
by Ackeret (reference 4). 
Because these vortex methods are not exact, a method 
with the vortices on the boundaries of the cascade airfoils 
was developed. This method gives a theoretically exact solu- 
tion without the computation difficulties encountered in 
conformal-mapping methods for highly cambered airfoils or 
closely spaced cascades. Furthermore, for the same accuracy 
in computing the airfoil shape, this vortex method requires 
the computation of fewer points than the method of conformal 
mapping because these points may be arbitrarily placed on 
the airfoil. The method may be applied to isolated airfoils 
and to airfoils in cascade. For the cascade, the inflow and 
discharge velocities and a velocity distribution on the surface 
821313-49 
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of an airfoil are given and the shape of the airfoil is deter- 
mined. In some cases, the spacing of the blades is pre- 
assigned, which places a condition on the assumed velocity 
distribution. Once the airfoil shape has been evolved, the 
velocity distribution may be computed for any angle of 
attack by the method described in appendix A. The method 
of this paper was developed at the NACA Cleveland labora- 
tory during 1946. 
THEORY 
OUTLINE OF METHOD 
In reference 5, it is demonstrated that the two-climensional 
potential flow about a body in a uniform stream can be 
represented by substituting for the body a sheet of vortices 
along its boundary. The vortex strength per arc length at 
any point is equal to the magnitude of the velocity at that 
point. A proof of this relation for the case of the cascade is 
given in appendix B. The problem of finding a shape with 
a prescribed velocity distribution when placed in a stream 
can then be stated: Given a vortex distribution, to find a 
contour which satisfies the condition that it will he a stream- 
line in the flow field induced by the uniform flow and the 
vortices distributed on the contour. 
The proccclure of fincling the shape begins by choosing an 
approsimate shape ancl clistributing the vortices on it. The 
stream function of the flow induced by the vortices and the 
uniform stream is computed at points on the bounclary of 
the assumed shape. If this stream function is constant, the 
assumed shape is correct. Variations of the stream function 
are a measure of the deviation of the assumed shape from 
the correct one. These variations are used to distort the 
original shape into a new shape whose stream function is 
more nearly constant. The process is repeated until the 
variations become negligible. In the process of shape adjust- 
ment, the velocity is altered on the pressure surface. 
DERIVATION OF EQUATIONSFOR THESTREAM FUNCTION 
Isolated airfoil.-The. complex or reflected velocity 
w’(z) (which is the derivative of the complex potential func- 
tion w(z)) induced at the point z-rfiy by a vortex of 
strength k located at z,=x,+iyO is 
(A summary of the principal symbols used in this report is 
given in appendix C.) 
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The complex velocity w’(z) induced by a uniform stream 
with complex velocity w,’ and a distribution of vortex 
strength per unit length r(z,J along a curve with coordinates 
zo, 1s 
(1) 
where ds, is the element of arc length along the curve. The 
complex potential at tha point z is the integral of w’(z) with 
,respect to 2, namely 
w(z)=zw,)-t&i S r(zJ log (z-z,) ds, 
From reference 1 (notation modified), 
(2) 
y(z,) ds,=w’(z,) dz,=dw(z,)=dp(z,)+i d#(z,) 
where 
cp velocity potential, R[w(z)] 
$ stream function, 1[w(z)] 
When equation (2) is applied to obtain the complex 
potential function at any point z in the flow field, the in- 
tegration must be carried out along the boundary of the 
body. Because this curve is a streamline, cl+=0 and, there- 
fore, equation (2) becomes 
w(+zw,q& 
.I 
* log (z-z:,) cr,(zJ @a) 
The imaginary part of equation (2a) is the stream function 
at the point z, 
*=-xv,+?/V,& ___ S log J(x-GJ~+ (Y-yo)‘dd~J is> 
where 
V, y-component of uniform strJam ve1ocit.y Ti 
V, 2-component of uniform strca,m velocity V 
It is convenient to use the arc length along the airfoil as 
a parameter. If (s,y) is a point. on the airfoil boundary, then 
s will denote the arc length there; similarly, sO will denote 
the arc length at (r,, y,). The vorks at .qO on the airfoil 
influences the stream function at the point s on the airfoil. 
The stream function induced at (x,y) by a vortes of unit 
strength at (rOT y,) is 
fi(Z, z,> =& log [(s-.rOW- (y-Yo)‘l (4) 
A plot in the (z,y) plane of curves for a constant fi(z,z,) 
consists of concentric circles with center at (x,, y,). 
The velocity at the point so on the airfoil is the directional 
derivative cp’(s,) of the potential along the streamline. 
If the velocity along the airfoil has been specified and an 
airfoil shape. has been assumed, the resultant stream func- 
tion along the boundary of the airfoil can be approximated 
by using the approximate shape in evaluating the integral 
where 
1[/,,(s)streamfunctionat(x,y)due to uniform stream, -xl;,+yT~-~ 
1 total arc length of airfoil 
All variables are expressed in terms of the arc-length psra- 
meters s and so. The integral in equation (5) can bc cvalu- 
atecl either numerically or graphically over the entire range 
of integration csccpt. in tlic region where c( ( =s-ss,) is small, 
for in this region j1 (s,s,) becomes infinite. This portion of 
the integral can be r\-aluatcd b- approximating the airfoil 
boundary by a line segment. Then, 
.fl(S, 6,) =& log (S-.&)2 
The prescribed velocity can be given in this region, which 
may be defined by s-aSs,,~s+a~ by a Taylor’s series as 
a function of !s, about the point s. 
~‘(s~)=~‘(S)+~“(“)(8”-.~)+~~ (s-.s)*+. . -. 
where the primes indicate derivatives with respect to .q. 
The integral is then 
l-:fl (s, so) 4 (so) d.s,- ST& log (s,-.s)‘) [$C”(~s)+cp”(Y)(.s,-.s)+ . . .] d8, 
=;[u$o(s) (log ._,,+U%3pj (log +. .I \ (‘3) 
In most casts, only the first term need be used in equation (6). The same type of approximation can be used to evaluate 
a portion of the integral if the opposite side of the airfoil comes in the nel, ‘~~hborhoocl of the point (JJ). 
A more general equation applicable to a segment t,hat does not pass through s is: 
1 -;spp=6c log [(x-x2+ (y-yJ2](p’(so) d(so)=& j P’(P) 4 [ 
c log (h2+c2)-b log (h’+b’)--(e-b)Wi tall-’ $$$I+ 
pq [(h*+C*) log (h*+?-(h?+b*) log (h?+b?)- (c’-bb?j]+ 
9 [c3 log (h2+c2)-b3 log (h”+b?)-; (c”-b3)+ 
2h?(c-b)-2h3 tan-’ h2+bc ?w]+. . . \ (6a) 
I ,., /; : 
= 
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where h is the perpendicular distance from s to the segment, 
s,=p locates the foot of the segment,, (pf6) and (p+c) 
are the limits of the integration of so, and approximately, 
Equation (6a) may be used when the line segment is not 
of equal lengths on either side of the perpendicular foot or 
wheh p’(s) or its derivatives are discontinuous at either 
(pfb) or (P+c>. If a=~=-b and h=O, equation (6a.) 
reduces to equation (6). The size of a, 6, or c is deter- 
mined by the requirements that the segment in question 
be nearly straight (the approximation is of the second degree) 
and that cp’(s,) be accurately represented by a Taylor’s 
series expansion of few terms. 
Ex it-‘velocity dhgrom CornpIe te-velocity dbgram 
Reflecfed-ve/ocify diogrom 
Frcnm I.---Notation for cascade Row. 
Airfoils in cascade.-The espression for the complex po- 
tential for the flow about a cascade of airfoils is derived in 
appendix B. The notation is defined in figure 1. The 
equation that corresponds to equation (2a) for isolated air- 
foils is for a. cascade of airfoils 
W(Z)=~Wrn’+&, s r 
log sin g (~-2~) d,(z,) 1 (7) 
where 
W’ m mean stream velocity, which is one-half the sum of 
complex (reflect,ed) velocities upstream and down- 
stream of cascade, ~‘Z--~I’~ 
8 distance between successive airfoils in cascade 
The mean velocity w,,,’ corresponds to the uniform velocity 
20~’ of the isolated airfoil flow. 
The term zw,’ is the complex potential function resulting 
from the mean flow. In the integral, the element d+~ indi- 
3 
cates the vortex-element strength and log [sin (r/S) (Z-Z,)] 
represents the complex potential at the point z caused by an 
infinite row of unit vortices at z,fnS where n=O, 1, 
2, . . . . The imaginary part of equation (7) is the stream 
function, 
where 
fi(s,s,) =-&log [sinz$ (s--2,)+sinh2 g (y-y.)] 
is expressed in arc-length parameters and tirn(s) is the stream 
function at (2,~) induced by a mean stream whose complex 
velocity is w,‘; that is, 
An= --2VyfYVz 
The values of (X-X,)/S and (y-yJ/S for various values of fi 
are given in table I. A plot of x-x0 and y-y, for constant 
values of j2(z,zn) is shown in figure 2. These curves may be 
f2WG Y-Y4 CY-Yo) 
0.3 
.I - 
FlGURE 2.7-Plot of curves Ior constant f2(x-cT., y-y.). 
interpreted as the streamlines of the flow induced by an 
infinite row of vortices of unit strength located at the points 
(2, f nS, ye), where n=O, 1, 2, . . . . In the region of a 
vortex, the streamlines are nearly circles; that is, the flow is 
nearly that induced by an isolated vortex. At a distance 
from the vortex row, the streamlines are parallel lines, as in 
the flow pattern induced by a continuous uniform distribu- 
tion of vorticity along a straight line instead of a row of 
discrete vortices. The velocities on the two sides of such a 
vortes line are of equal magnitude but opposite in direction. 
This behavior of f2 for large Iy-y.l/S and also for small 
(y-yJ2f (x--20)* 
s2 can be described as follows: When both 
(x-x0)/S and (y-yJ/X are small, 
fi(z, 4 -& log $ [(x-GJ”+(Y-YoN (9) 
which differs from j,(z, z,) only by a constant. For large 
values of Iy-yOl/S, irrespective of (X-X,)/S and a constant 
term, 
(10) 
which is the stren,m function of a uniform stream parallel 
to the X-axis. 
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Equation (8) can be used for computing the stream function along the boundary of an airfoil in cascade just as 
equation (5) is used for the isolated airfoil. The integral over the range in the neighborhood of the ,point s is obtained by 
using equation (9) for .fi (s,sJ. The result, derived in the s&me manner as equation (6), is 
s 
s+a 
n- s--a f2(s, s,)~~(s,) ds,= {ap’(sj[log (g u)- 1]+u3 c3p Fog (5 u)-+]+ . . 1 
The more general equation (6a) is modified for cascades by 
multiplying the argument of all logarithms by t.he factor 
?r2/S2. 
ADJUSTMENT OF SHAPE 
If the stream function for the assumed airfoil has been 
computed and has been found to vary, the shape must then 
be adjusted to give a more nearly constant stream function. 
The shape changes are made by rotation of the body plus 
displacement of the individual points normal to the mean 
stream. The rotation is used to place the front stagnation 
point properly. 
Rotation of the airfoil.-In the formula for computing the 
stream function of an isolated airfoil, the contribution of a 
vortex element at (x0, yJ to the stream function of a point at 
(x, y) is dependent merely on the distance between the two 
points. Consequently, if the entire airfoil is rotated, the 
effect of the boundary vortices on the stream function at any 
point on the airfoil boundary will not change. The effect of 
the blade rotation on the stream function along the boundary 
is therefore determined by the change in relative position of 
the points in the uniform stream. The first adjustment in 
shape is a rigid rotation of the airfoil in orcler to obtain a 
more nearly constant stream function along its boundary. 
If the airfoil is rotated through an angle p, the stream 
function is so changed that # (s) is a function of /3 and s and 
(6b) 
may be written $J (s, P). When P=O, # (s, 0) is the original 
stream function before rotation. After rotation the new 
stream function fi (s, /?) may be expanded in a Taylor’s series 
about the point p=O, 
es,P)=Ij/(m+P p$$qco+ . . . 
Only the first two terms in this series will be used because p 
is assumed to be small. The angle /3 is to be determined for 
the minimum mean-square deviation of the stream function 
from its mean value. Because the object of the rotation is 
essentially to adjust the shape of the nose, the rotation might 
also be made to reduce the root-mean-square deviation of the 
stream function to a minimum for a portion of the shape 
including the nose. 
The mean value of the stream function at any angle p is 
The difference between the new stream function fi (s, p) and 
its mean value 5 (0) is squared and integrated to obtain a 
measure of the variation of 3 (s? p) from the mean value at 
the new angle. The condition for obtaining a minimum 
root-mean-square deviation by adjusting p is 
The second integral vanishes by virtue of equation (1 I), 
which may also be used to eliminate 5 (@ from the remaining 
term. The solution for p is 
f p=~ O 
In order to apply equation (14), d#/db must be known at 
points along t.he boundary of the airfoil. For the isolated 
airfoil, the contribution of the vortices is unaffected by the 
rotation and therefore 
d$ dhi d dp=dp=aj (-xvu+yvz)=-v~,~+v~~ (15) 
If the airfoil is rotated about the point (x,, yc), equation (15) 
becomes 
(12) 
(13) 
g;=cos P [(*e--G) vz+ (y-Ycj v,1+ 
sin P [(x--4 V,- (Y--yJ VA (16) 
where (x, y) are the coordinates of the point before rotation. 
For small values of /3, equation (16) rccluccs to 
cw dp= (x--2,) vz+ (Y-!/J v, (17) 
The choice of (xc, yJ will have no effect on the results in this 
case. 
When the airfoil in cascade is rotated, the change in the 
position of the vortices of the adjacent blade must be con- 
sidered. For the isolated airfoil, it was unnecessary to con- 
sider the change in position of the vortices because the 
influence of a vortex (equations (3), (4), and (5)) depended 
on the function-f,, which is constant on circles. The influence 
of the vortices on the airfoil is therefore independent of 
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direction. Because the ji contours are not circles, the rota- 
tion in cascade does have an effect, which is approximated 
by considering all closed j2 curves v2<O) as circles in order 
that the effect of all vortices in the region .f2<0 may be 
neglected during rotation. The effect of all vortices in the 
regionfi>O is estimated by assuming that all the ji contours 
for j?>O are straight lines uniformly spaced. The flow 
correspo@s_ JO that between $wd infinite straight parallel -~ ., -- 
vortex sheets of uniform strength per unit length. This 
flow induced by the vortices in the region ji>O is in the 
x-direction, and the direction of the flow inducecl by the 
vortices for which yO>y is opposite in sense to that inducecl 
by the vortices for which yO<y. 
As the point being considered is changed, the regions for 
ji>O, y,,>y, and.f,>O, y.<y will include clifferent sections 
of the blades, and hence different vorticity, with the result 
that the x-velocity component vZ induced by the vortex 
sheets will vary with the point under consideration. The 
algebraic sum of the x-component of the uniform flow 
velocity and the variable s-velocity z’, induced by the vortices 
in thr region j2>0 is to be used like the velocity component 
V, in rotation of the isolated airfoil (equation (17)). The 
yuantity V, in equation (17) is rcplacrd by thc‘corrcsporlding 
Vx,r= T72+~~,. The vortrx strength per unit length at any 
point on tlic airfoil is equal to I’ and, thcrcforc, from 
equation (10) the x-component of the velocity induced by the 
vortices is &Jp’(s.) dso, where the integration is carried 
out over the portion of t,hc airfoil whcrc f2(s,s,)>0. d 
distinction must bc made between the two regions yO<y and 
y,>y because the induced velocity components have oppo- 
site directions. 
The computed r(>sult of rotating an airfoil in cnscadc tlr 
pcntls upon the choice of (~~,y~). In ortlcr to ininimizcx tlir 
rwor involved, values of rl$/rlp arc ~tlucctl by &oosing 
(.rc,yc) as the crntroitl of tlic vortcs dist ribution on the airfoil. 
If the improvement in tht mean-squnrc tlcviation of $ is 
small compared with its original valur, it n1a.y be prefcrablc 
to omit the rotation of the airfoil because of the error inherent 
in the approximation for d$~/dfi. The decision shoulcl be maclc 
chicfly on how 4 varies at the airfoil nose and whether it is 
approaching a constant value in this region with successive 
corrections of the sha.pe. 
Distortion of the shape.-The stream function computed 
after the isolated airfoil has been rotated will, in genera.1, 
still vary along the boundary. This variation can bc re- 
duced by distorting the shape of the airfoil. If the distor- 
tion is small, the change in distance between any two points 
on the boundary will be small, although the change in the 
direction of a segment joining those points may be consider- 
able. The effect of the distortion on the contribution t,o 
the stream function of the vortices on tbe boundary is 
consequently neglected. The largest effect of the distortion 
will be to change the position of the boundary points in the 
uniform stream. The airfoil is therefore distorted in such a 
manner that the change in the contribution of t#he uniform 
stream to the stream function will eliminate the variations 
in st,ream function. For points directly opposite each ot,her 
on the airfoil, the change in distance will be of the same order 
of magnitude as the distortion. Consequently, distortions 
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that result in change of thickness of the airfoil converge 
very slowly because of the inaccuracy of the fundamental 
assumption on which the correction is based. 
Thus, when the stream function along the boundary of 
the isolated airfoil is known, some number is arbitrarily 
chosen as the desired constant value of the stream function. 
If A$=$--T is the difference between the computed stream 
function at a point and the desired constant, the point is 
moved a distance -A$/17 perpendicular to the direction 
of the mean stream, where the direction of increasing uni- 
form stream function is taken as positive. The airfoil in a 
cascade is distorted in the same manner, by using the varying 
resultant local mean stream velocity dVzerZ+ Vv2; corrections 
are made with F equal to the mean value of 1// on the airfoil. 
COMPUTATIONAL PROCEDURE FOR CASCADES 
CHOICE OF VELOCITY DISTRIBUTION 
Several factors influence the choice of the velocity distri- 
bution for which an airfoil is to be found. Especklly in 
rotors, sturdy blaclcs are required. Long thin tail sections 
must be avoided and where high rotativc spcccls and stresses 
occur, overhang of thin sections is likely to induce blade 
fnilulc. The radial distribution of airfoil cross-srrtional 
arcn is also funtlamcntal in detrrmining the bla,clc-root 
strcsscs. Overhang can bc rcducrd by propc’r choice of the 
velocity diagrams for the sections, but the other factors arc 
influcncc~tl chicfly by the thickness of the section. 
The desired thirknrss may br attained by first assuming a 
blnclc shape ancl spacing and by then using the stream-filnmcnt 
method of rcfcrcncc 6 to compute the ve1ocit.y distribution 
orrr a portion of the airfoil that clctermines the thiclant3s. 
‘I‘hc sparing may be regarded as fixed but the curvature can 
IW atljustcd if local vclocitics arc too high for the tlcsirccl 
tllickncss. This computed velocity will tht>n swvv as a 
guitlc to’thc choice of an airfoil velocity distribution, which 
slloultl be chosen to avoid high velocity prnlis and stc>c>p 
negative gradients. If thr avcragc of the vrlocitics on 
oppositt sides of the blade camber lint is rctaincd in the 
modification of the velocity distribution computccl from the 
stream-filament mcthocl, the thickness will also be retained. 
Bccausc of the irrotationality of the fluid motion, the 
vclocitv integral or circulation around the airfoil must be ” 
equal to that around a blade but over a width equal to one 
blade space. Therefore, 
I’ cp'(s) ds=r=S(V,,,-VV,,) 
where 
r circulation about airfoil 
v,., tangential velocity entering cascade 
V 2.2 tangehtial velocity leaving cascade 
This relation places a condition on the assumed velocity 
distribution. 
If t.he computations thus far have been made in order to 
select a velocity distribution for the airfoil cascade in a com- 
pressible fluid flow, an equivalent velocity distribution for 
t,he flow of an incompressible fluid must be determined 
before the blade shape can be computed by any method 
based on incompressible-flow theory. For subcritical flows, 
the directions of the inflow and discharge velocities are 
nearly the same for compressible and incompressible Slows, 
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but for incompressible flow the component normal to cascade 
axis is the same upstream and downstream. The K&man- 
Tsien compressibility correction (reference 7) or that of 
Garrick and Kaplan (reference 8) may be applied to the 
velocity on the blade surface to estimate roughly the corres- 
ponding incompressible-flow velocity distribution. The re- 
sulting velocity distribution in any case must satisfy the 
circulation condition. This procedure does not give a,n 
exact solution for compressible flows, but the resultant com- 
pressible flow will have approximately the desired char- 
acteristics of low pressure gradients and no high velocity 
peaks. 
COMPUTATION OF AIRFOIL SHAPE FROM THE CHOSEN VELOCITY 
DISTRIBUTION 
The numerical computation of the quantities involved in 
the preceding analysis, particularly the function f2, is cs- 
tremely laborious when tables of f2(s,so) are used. Most of 
the computations are therefore executed graphically. In the 
cascade example, t,he slir was assumed to enter the cascade 
at an angle of 4.5’ from the cascade axis and to leave at an 
angle of -30’ from the cascade axis. The prescribed veloc- 
ity distribution is given in figure 3(a). The value of the lift 
coefficient for this airfoil is 3.1. The shapes of the isolated 
airfoil and the airfoil in cascade arc computed by the fol- 
lowing st,eps: 
Sucflbn surface 
0 I I I I I I I I .!i I.0 I.5 20 25 3.0 3.5 4.0 
-I ~&sure surface 
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(0) Initial airfoil. 
(h) Final airfoil. 
1. Curves for constant fi for the isolated airfoil, or con- 
stant f2 (fig. 2) for the airfoil in cascade, are drawn. This 
diagram should be made on some transparent material that, 
will change neither in size nor shape. The coordinat,es of the 
curves for constant-f, are given in table I. 
2. A desired velocity q’(s) is chosen as a function of the 
arc lengt,h of t.he airfoil (fig. 3(a)). An airfoil shape having 
the desired total arc length is assumed and is drawn to the 
same scale as the plot of fi or f2. The drawing is made on 
grid paper and, in the case of a cascade, the z-axis coincides 
with t,he cascade axis (fig. 4). 
3. The ve1ocit.y distribution q’(s) is integrated to obtain 
t.hc velocity potential q(s). This function is plotted on the 
same chart as the assumed airfoil shape for the corresponding 
y-coordinat,e, a.s shown in figure 4, by plott.ing bot.11 cp and 
Y I- 
j_( 
L 
0 P 
FIG~E 4.-Plot of airfoil nnd velocity potential for use in computation. 
the y-coordinate of the airfoil against s on a supplementary 
graph. In regions of the airfoil where 7~ varies little with s, 
tl1a.t is, where the airfoil boundary is parallel to the r-direction, 
cp should be plotted against z in the same manner, as shown 
in figure 4. 
4. In order to fincl the stream function at a point (.r,;v) 
on the airfoil,L$z (s,s,) must be plotted as a function of ~(8,) 
to evaluate the quantity Jf?(s,s,) $cp(s,) of equation (8). 
If the cha.rt of-f, is superimposed on the airfoil with one vor- 
tex center overlying the point (x,~J), the value of f2 may be 
read at (.rO,yO) and the corresponding value of ‘p(rO,~J may 
also be read from the plot of (p(z,,y,). The value of j2(s,sO) 
is the same as would have been obtained by centering t,he 
chart on (r,,y,) because of the symmetry of the funct,ion. 
A succession of values of cp and.fi are obtained in this fashion 
for various positions (z,,y,) that intersect the jJ contours, 
ancl a plot of these points (fi,p) may be made for the assumed 
position (xJ). This procedure is illustrated in figure 5 foi 
a particular point (r,y) on which the f2 chart. is centered. 
The readings for a particular (.rO,?/,,) are shown by the arrowed 
lines. The points 1 to 6 on the blade are shown on the 
corresponding .f2 curve. The discontinuity of cp between 
points 1 and 6 is the circulation. The discontinuity between 
4 and 5 represents the region where ,f? approaches - a. 
5. The proper method of integration then proceeds from 
1 through 6 to 7 and then to the origin, with constant .f2 
from 4 to 5. The region from 4 to 5 with .f, approaching 
- 03 is computed by equation (6) or (6b); the constant a is 
assumrd to bc thr radius of the near-circle, which corrcs- 
ponds to the value of jJ \vhrre thr discontinuity from 4 to 
5 0cc11rs. 
The total area including this small addition is 
s (ot(so)fp(s, so) ds= s fds, so> dv 
which is the stream function due to vortices on the entire set. 
of airfoils in cascade. Where -f2=0 at the poink Jl, R, C, 
and D (fig. 5), the values of cp are noted as am, pee(s), W(S), 
and v~(P). These values are used in computing the stream- 
; .’ 
.._ .‘. 
-..$$$ 
: -+; ..:. .~ 
.: . : ,. 
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function change caused by rotating the blade. The stream 
function at the point (2, y) may now be computed from 
.equation (8) or (5), and 
FIG~E 5.--Superposition of figures 2 and 4 to obtain plot of Ja against (0. 
A plot of the stream function (variation from the mean 
value) is shown in figure G  for the initially assumed shape. 
Corresponding points on adjacent airfoils have a difference 
of A$,lV,S equal to 1.0. 
.I 
A9 
v,s 
u 
-I 
0 5 60 15 2.0 25 3.0 3.5 4.0 45 
-5 
FIGURE &-Variation in stream function along initial shape and Erst and seventh spproxi- 
metions of airfoil cascade. 
6. When #(s) is known at a sticient number of points, 
the airfoil may be rotated as previously described. For the 
isolated airfoil, equations (14) and (17) may be used directly. 
For the airfoil in cascade, the coordinates of the centroid of 
the airfoil must first be computed by 
. 82131349-2 
Before equation (17) can be used to compute d#/d& the vari- 
able quantity V,,, must be computed. The vortices in the 
region f2>0 are considered to be uniformly distributed along 
the cascade axis and the velocity induced by such a distri- 
bution is 
where y is the vyrtex strength per unit length along the cas- 
cade axis for fi>O. Therefore, 
where the integral is to be taken over the regionsf,>O. The 
region j,>O, yO>y contributed a positive component to v,, 
whereas the region f2>0, y,,<y contributes a negative com- 
ponent. The computation is simply carried out by making 
use of t,he fact that the integral for v, is the difference between 
values of cp at points where fi=O. The values of am, 
(Ok, ‘p&s,), and cpD(s,) from step 5 are used at this point 
to obtain 
2v,S=S cp’(sJ &,=a-mfr-(w-m) (18) 
where I’ is introduced because of the discontinuity in cp at 
the trailing edge. The sum (P.~-(P~+I’ gives the effect of 
the vorticity in the region.fi(s, so)>0 near the t.railing edge, 
and the term (pc--(pB gives the effect of the vorticity in the 
region ji(s,sO)>O near the leading edge. If either the leading 
edge or the trailing edge lies in the region ji(s,s,)<O, only 
two points of intersection will remain and one of the two 
groups of terms in equation (1s) will vanish. The quantity 
1 
Zx s 
cp’(s,) ds, is added to the x-component of the original 
uniform stream velocity and the quantity d$/d/3 of equa- 
tion (17) may be computed for a number of points and the 
angle /3 computed from equation (Id), using the values of (xoyc) 
just determined. After these computations have been made, 
the airfoil is rotated through the angle /3, and the value 
#+p- is assigned as the value of the stream function of 
dB 
the point after rotation. 
7. A value of 9(s) is known at points along t,he airfoil 
boundary. The mean value over the airfoil 3 is subtracted 
from 1c, leaving A$. For the isolated airfoil, no subtraction 
is necessary. Each point is moved a distance- 
Jvz-vu 
in the direction perpendicular to the velocity computed in 
step 6. The curve joining the points in their new positions 
is the adjusted airfoil. 
8. The total arc length of the adjusted airfoil will be 
different from the original one, in general, although local 
changes in length will be negligible. The airfoil is so scaled 
that the length of the suction side is the same length as it was 
before distortion because this surface is the critical surface 
of the airfoil. This process will result in a change in length 
of the pressure side. The velocity over the pressure side lo’ (s) 
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must then be altered in such a manner that the difference 
in potentid between the two stagnation points remains the 
same. As a result, the quantities that retain specified values 
are the length and the velocity distribution on the suction 
side and the circulation around the airfoil. The entire 
procedure is repeated with the adjusted shape until the 
variations in the stream function, result in very little change 
in the shape of the airfoil. 
DISCUSSION OF EXAMPLES AND TECHNIQUES 
For the example being computed, the stream functions 
obtained for the initially assumed shape and the first and 
seventh approximations are plotted against the arc length 
(fig. S), which is taken as zero at the trailing edge and pro- 
ceeds counterclockwise around the airfoil as shown in 
figure 7. The fact that A# for the initial shape is positive 
over the first half of the arc length and negative over the 
second half indicates that it is too thick because the required 
distortion in shape. will make it thinner. The change in 
thickness results in a change in velocity distribution over the 
pressure side of the airfoil in order to maintain the desired 
circulation. The velocity that, was originally assumed, 
which is equal to the vorticity per unit length distributed on 
------ lmfiol arfoil 
- Final airfoil 
F~CURE 7.-Initial shape and Enal approximation of thick airfoil showing cascade spacing. 
the initial airfoil, is shown in figure 3 (a) and the velocity 
over the final shape in figure 3 (b). The length of the 
pressure side has increased and the velocity has decreased 
in the portion of 1:l.l. 
Over the section of the airfoil that has collapsed t,o zero 
thickness, the surface velocities of figure 3 (b) may not have 
been obtained, but the loading (circulation per unit arc 
length), which is the difference in the velocities on opposite 
sides, has been realized.. In practice, this collapse is pre- 
vented by increasing the assumed velocity on the airfoil 
surface. 
If the initially assumed airfoil shape has a thickness that 
differs considerably from the correct one, the process of shape 
adjustment will converge rather slowly. The labor can be 
reduced, however, by computing the stream function at a 
few points on the airfoil and locating these points to deter- 
mine the thickness. This procedure is followed for the first 
few approximations until the thickness of the airfoil is fairly 
accurate. The stream function is then computed at a 
larger number of points, particularly near the leading edge, 
in order to get more detail of the shape. 
Arbitrary specification of a velocity distribution may 
result, not in a physically real airfoil, but, in a figure-8 
shape or a collapsed shape (zero thickness over a portion of 
the blade). The velocity distribution must then he modified 
to obtain a real shape; these modifications should be selected 
to keep the desirable properties of the original distribution. 
Velocity peaks and steep velocity gradients, which tend to 
occur on the suction side of an airfoil, are to be avoided. 
If the airfoil collapses, the vorticities of the two sides tend to 
cancel each other and the remaining vorticit,y represents the 
difference in velocity across the thin airfoil rather than the 
velocity along the boundary. 
The method was also applied to the design of a thin airfoil 
(camber line) in a cascade. The vortex distribution is 
equivalent to load distribution (difference in velocity across 
the airfoil) rather than velocity as in the case of a thick 
airfoil. The velocity diagram for t.he cascade and the desired 
load distribution for the thin airfoil are shown in figure 8. 
The value of the lift coefficient of the resultant airfoil is 4.1. 
FIGURE S.-Velocity diagram for cascade and prescribed load distribution for thin airfoil in 
cascade. 
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The initial shape was obtained by assuming zero spacing 
between the airfoils. The initial shape and the first and 
third approximations to the airfoil shape are shown in figure 9. 
---------- lnifialairfoll 
--- Fir.& approxtmafion 
- Third approximahon 
< s > 
FIGURE 9.--4ssumed shnpe and first nnd third approximntions of thin airfoil showing cilscadc 
spacing. 
The second and third approximations differ very little. 
The third approximation is redrawn in this diagram to show 
9 
the spacing between airfoils. The convergence of the method 
is shown graphically in figure 10. The variation A# of the 
I 8 I 3 0 Initial a/r foil 
,rmot/on , ( , , , , .I 
I I I~-I,I I I I I. I 
-./I ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ 
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FIGURE IO.-Variation in stream function for successive approximation of thin airfoil in 
cascade. 
stream function from its mean is divided by VX to make it 
dimensionless and is plotted against the arc length along the 
airfoil where s=O at the trailing edge. The stream function 
computed on the second appro,ximation is nearly constant, 
which gives the third approximation almost the same shape 
as the second one. The rapid adjustment of camber con- 
trasts with the slow adjustment of thickness. 
FLIGHT PROPULSION RESEARCH LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 
CLEVELAND, OHIO, March 4, 1947. 
APPENDIX A 
VELOCITY DISTRIBUTION ON THE DERIVED AIRFOIL AT DIFFERENT FLOW ANGLES 
Conformal mapping.-When an airfoil is given, the ve- 
locity distribution over its surface must frequently be found 
at different angles of attack. This problem may be solved 
by the method of conformal mapping, which consists in 
mapping the region exterior to the airfoil on the exterior of 
a circle. The velocity around the airfoil is obtained from the 
known velocity around the circle. Procedures for finding 
the function that maps a given airfoil into a circle are pre- 
sented in references 1 and 9 for the isolated airfoil and refer- 
ences 3 and 10 for the airfoil in cascade. 
In general, the procedure for finding the mapping function 
of an airfoil is a laborious one. But when, as in the present 
case, the velocity distribution over the airfoil at a particular 
angle of attack is known, the correspondence between points 
on the airfoil and on t,he circle, and hence the flow velocity 
at other angles of attack, can be obtained very’ easily. 
Indeed, t,he correspondence of points and the velocities for 
various angles of attack can be obtained by the method given 
in reference 11 from the initial data without knowing the 
airfoil shape, because the complex potentia.ls of the airfoil 
plane and the mapping-circle plane are equal. Before the 
airfoil is designed it -is therefore possible t,o check whether 
the airfoil to be computed will be satisfactory under condi- 
tions different from the design condition. 
Isolated airfoil.-The flow about any airfoil shape can be 
mapped on the flow about a unit circle in such a way that 
corresponding points have the same potential. The flow 
about the airfoil is given and the potential function p(s) at 
each point is computed. If the potential function on the 
airfoil is computed by integrating the velocity from the 
stagnation point at the trailing edge in a counterclockwise 
direction around the airfoil oriented as in figure 1, the poten- 
tial will be zero at the trailing edge, decrease to a minimum 
qrnin at the stagnation point at the leading edge, and t,hen 
increase to a value equal to the circulation I’ at the trailing 
edge. The corresponding flow about the circle is determined 
by the conditions that it must have the same values of pmm 
and I’ for a correspondence to exist between all airfoil and 
circle points. If & is the central a.ngle of the stagnation 
point on the circle that corresponds to the trailing edge of 
the airfoil, 
v%lztn- --- 
r (cot 02-S bS7i-/q (AlI 
Equation (Al) can be solved numerically for & because all 
the other quantities are known. The velocity at, infinity in 
the circle plane V, can then be determined from the Kutta- 
Joukowsky condition, which requires that eT be a stagnation 
point; that is, 
v,=- lY 
47~ sin eT 642) 
10 
The velocity potential at points on the circle is 
PC= -2v, cos e+g+zv, c0s eT-fe, C-43) 
The quantity 2V, cos BT-&e,is a constant that is subtracted 
in order to make cp,=O at the sta.gnation point correspond- 
ing to the trailing edge. 
The correspondence of points on the airfoil with points on 
the circle is obtained by associating points where p(s)=~~. 
The velocity on the circle at a. uniform stream flow angle QI is 
v,(e,a)=2Vc [sin (0+a)-sin (eT+q] L44) 
The nature of the conformal transformation is such that the 
ratio of the velocity at a point on the airfoil to the velocity 
at the corresponding point on the circle is independent of 
angle of attack. Therefore, the velocity (pa’(s) on the airfoil 
at flow angle a! is 
(DC,’ (8) _ (0’ (s) -- 
db4 a,o) (A5) 
where the design flow angle is taken as zero. Equation (A5) 
can be used to compute the velocity distribution on the air- 
foil except at the two points that were stagnation points at 
the design angle of attack. 
Airfoils in cascade.-The flow about a cascade of airfoils 
can be mapped conformally into the flow about a unit circle 
with two singular points located on the real axis symmetri- 
cally with respect to the center of the circle. These singular 
points correspond to the points at infinity in front of and 
behind the cascade, respectively. In a cascade of airfoils, 
the distance of these points from the center of the circle is 
uniquely determined by the sa,me conditions that determine 
the flow about the circle in the isolated case; namely, the 
circulation per airfoil, the velocity potential at the leading 
edge, the blade spacing, and the upstream and downstream 
flow angles. 
The distance from the singular points to the center of the 
circle is denoted by eK. The flow about the circle is such 
that the location of the stagnation points es is determined 
by the relation 
-+s=~&~~~ X+s$sin X 
where x is the angle of inclination of the mean stream to the 
normal to the cascade axis. (See reference 6 for details.) 
The quantities p, V, S, and X are known from the flow in 
the cascade plane and therefore equation (As) provides a 
relation between K and the location of the stagnation points. 
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The velocity potential at any point on the circle is 
11 
L47) 
..__ 
where & is the pai+,icular value of 0, corresponding to the trailing edge of the airfoil. The expression in brackets is a 
constant so chosen that the potential will vanish at the stagna.tion point corresponding to the trailing edge of the airfoil. In 
order to map the cascade on the circle, K must be found so that the value of qc,e 
to the lending edge of the airfoil, is equal to pmln, 
at e,, the stagnation point 0, corresponding 
the value of the velocity potential there. The identity 
is used l,o eliminate c$$$from equation (As) to give 
r 
sin BS 2vs cash” K sin x f cos x cash’ K-cos2 X- cosh2 K sinh2 K (A% 
smh K cash’ K-cos2 x 
In succcssivc approximations, a vnluc of K is assumed and equations (A8) and (A6) are used to find Sk, SE 
sin eT cos eT 
Gill11 IZ 
and -.-. cash K These values arc inserted into equation (A7) to find pe,e at e=eN. If (pC,C(O,) is not equal to qrnin, 
another value of K is chosen, on the premise that vc,,(eN) will decrease as K is decreased. 
care sh~ulcl be taken to use consistent values of the inverse tangents. 
When pc,,(eN) is evaluated, 
interpolation or extrapolation may be used for new values of K. 
After two values of K and ‘pc.c(eN) are determined, 
Whrn K has been found, it is used in equation (A7) to evaluate pe,c at values of e all around the circle. 
t tl(a circle corresponds to the point. on the airfoil where q(s) =cpC,c. 
A point on 
The velocity at the point e on the circle is 
vs sinh 2K 
V c. ‘== ?r cash 2K-cos 28 
cos e 
___ cash K 
and the velocity (0,‘(s) on the airfoil at nny otlit>r mean 
flow angle X+CX is 
as in the case of the isolated airfoil. 
The clesigned airfoil was mapped on the unit circle by the 
method described. The constant K, the natural logarithm 
of the distance from the singular points to the center of the 
_I, unit, circle, is 0.075. The correspondence between points 
on the airfoil and those on the circle is plotted in figure 11, 
which shows the arc length of the airfoil as a function of the 
cent,ral angle of the circle. The velocity at any point on the 
airfoil for any angle of attack CY may be obtained from 
equations (A9) and (MO), the velocity distribution as in 
figure 3 (b), and the relation between s and e as in figure 1 I. 
The ratio $$$ is equal to de,‘ds (ra,dinns) and need be 
c.c , 
computed only once for n.ny given airfoil. 
(A% 
4.0. 
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FIGURE Il.-Corm~ndence between points on airfoil and points on unit circle by conformal 
transformation. 
APPENDIX B 
DERIVATION OF THE CASCADE EQUATION 
An equation is to be developed for the complex velocity 
at any point in the field of flow of a fluid past a row of equally 
spaced, congruent bodies. Coordinates axes are chosen with 
the origin inside one of the bodies and the z-axis in the 
direction of the row. (See fig. 12.) The body containing 
Y 
FIGURE IX-Diagmm for derivation of equation for flow about cnscadr. 
the origin is denoted by I&, bodies along the positive di- 
rection of the x-axis by B1, R2, . . ., and along the negative 
, direction of the x-axis by K1, R-z, . . . . A circle A of small 
radius is drawn about the point z where the velocity is to 
~ be determined. A rectangle, R is drawn with its center at 
the origin and its sides parallel to t$e axes of length (2N+ 1)s 
and width 8, which contains the bodies R-,, . . . Is-,, 
JL, &, . . . RN, and the circle A. If a side of t.he rectangle 
intersects one of the bodies, the side may be distorted to go 
around the body with no essential change in the proof. 
The function w’(z,)/z,-2) is an analytica. function of z in 
the region inside the rectangle R but outsicle the bodies R, 
and the circle A. 
Therefore 
_’ 
1 - 
The first integral can be broken up into four integrals, 
one along each side of the rectangle, namely, 
In an evaluation of these integrals, the function w’(z,) is From t.he last of these conditions, it follows that 
periodic, with period S, and approaches a constant value 
infinitely far from the cascade; that. is, 
w’(x,-it)=w3’(xo-it)+w,’ 
where 
and 
w’(x,+iy,)+w*’ as yo+ 03 
W’(xo+iyo)-+wl’ as yO+-- 03 
W~‘(x,-iit)+O as t-m 
Therefore, the first integral on the right side of equation 
(B2) is 
The first of these integrals is 
WI’ S w+L%s /jr a 0 [(X+ 1/2)S-it-z] -(n-+lp)s x,-it--e ~ = wlf log [- Gvt 1/2)sI-~l --a-iwl1 
as N+m and t+w , provided that t/(NS) + 0. The last integral in equation (B3) is 
S w+ms w3’(x,-$ A- -(N+1/2)S &-it-z dx,= c J ‘(n+mS W3’(Xo-it) d,r ?z=--,V (n-1/2)S x,-it--z ’ 
= ,,gN J--z2 .o~:~~Ii~tl_ 2 dG 
=s:E2 T;F;t’i$ dx,+g .f s/z 2(x,-it-z)wg’&,--it) dz, -. 
n= 1 -s/2 (x,--it--Z)‘-~zS2 
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If t is chosen sufficiently large so that 1 iug’(x,-it) ] < E, where E is any preassigned positive number, the moduli of the integrals 
are less than 
IIS 
s/2 d&J B 2~x0-&2[ ch, -s/2 1x,-it--zl +g JTz2 ~(2,4-2)2-72S~~ 1 rs S/2 ss -s,2 4(x,-x;“r; (t+y>’ s’2 2&x -xy+ (t+yydxo --+%  s-s,2 (x.-k)'+ (t-/-y)2-?zW 1 
When N+ a, this quantity approaches 
cJZ2 g cot [;6(x.-x)2+ (t+y)2] dxo 
This integral is finite and, because E can be made arbitrarily 
small as t-+ m, the last integral in equation (B3) approaches 
zero. Therefore, 
w'(x,-it) dx jTizc: , 
&-it-z ' 
1 
as t+m and $J +O. In the same way and under the same 
conditions, 
S -(N+w)s w’(xo+it) dx jTiw2, W+1/2)S x,-tit--z 0 
The second and fourth integrals on the right side of equa- 
tion (B2) can be evaluated by combining them. Because 
w’ is periodic, 
w’[(N+1/2)X+i?~J=w’[-(N+l/2)S+iy,] 
and therefore, 
S 4, $~~~$?~~o~~ idy,+i-’ ~[c~~~~~)+?~o~~ idyo=spt t -z(N+l/2)Sw’[(N+1/2)S+iy,] idy (iyo-z+)2- (N+ 1/2)2S2 ’ 
The velocity w’[(N+1/2)X+iy,] is bounded for all values of ?J~; that is, t.here is n constant W such that 
Iw’[(N+1/2)S+ilJo]I<T;li. The absolute value of the integral is less than 
28(x+ l/2) It’ 
1 
&p _ t--11 -tall-’ -t-y 
\i(N+ 1/2)%-x* T’(N+ 1/2)W-x2 -y(N+ 1/2)W--x2 1 
As t+ 00 and -t- 40, this qun.ntity approaches zero. It has By the residue theorem, NS 
been shown, therefore, that when t-+m and ;&J+O, 
dz,+7ri (wz’$ w,‘) (B4) 
w’(4 . 
f 
A,iz dz,=hiw’(z) 
0 
The pcriotlicity of w’(z) implies that 
ZLS N-m. 
When equations (B4), (B5), and (B6) are substituted into 
_L 
equation (Bl), the expression for the complex velocity is 
obtained: 
(z)=$ (w1’+w274 sBo;w’(zo) cot; (20-z) dz, (B7) 
035) 
The complex potential is obtained from equation (B7) by 
integrating with respect t’o s and neglecting the arbitrary 
constant. 
W(z)=ZWmf+& S BO ~‘(2,) log sin z (z-z,) dz, (B8) 
where w,~‘= w’+w2f 2 is t,lie mean stream velocity. 
I . -- 
APPENDIX C 
SYMBOLS 
The principal symbols used throughout the report are 
listed here for convenience of reference. 
2; log [ (“-xo)2+ (Y-Y.)‘] 
& log [sin? g (x-x,)+sinh2 g (y---y.)1 
- 
natural logarithm of distance from singular point to 
center of circle corresponding to cascade airfoil 
total arc length of airfoil 
distance between successive airfoils in cascacle 
arc-length parameter corresponding to z 
arc-length parameter corresponding to z0 
magnitude of uniform or mean stream velocity in air- 
foil or cascade plane (fig. 1) 
magnitude of uniform stream velocity in circle plane 
x-component of uniform or mean stream velocity F’ 
resultant local mean stream x-component of velocity T’ 
y-component of uniform or mean stream velocity 1,’ 
local velocity on circle corresponding to i&at e 
airfoil 
local velocity on circle corresponding to airfoil 
cascade 
velocity induced by vortices in regionf,>O 
complex potential function, (p+i$ 
complex velocity of mean stream for airfoil in casca d 
r %7Z 
I=+ (wl’+we’)=Vz--iv,] 
comples velocity of uniform skeam for isolated airfoil, 
TR’,--iT, 
real part of z 
coordinates of point about which airfoil is rotated 
(centroid of vortex distribution for cascade airfoils) 
imaginary part of 2 
coordinate of point where stream function is com- 
puted, xfiy 
coordinate of point where vortex is located, x,+iy,, 
angle of inclination of uniform stream velocity to 
x-axis 
angle through which airfoil is rotnted 
circulation about airfoil 
vortex strength per unit arc 1engt.h at, z, 
central angle of circle 
angle of stagnation point on circle corresponcling to 
leading edge of airfoil 
angle of stagnation point on circle corresponding to 
trailing edge of airfoil 
x angle of inclination of mean flow to normal to cascade 
axis (fig. 1) 
P velocity potential on airfoil, R[w(z)] 
v.~, PB, values of cp at points A, B, C, D, respectively, where 
@2, VD curve of cp(sO) intersectsf2(s, s,)=O (See fig. 5.) 
cpc velocity potential on circle corresponding to isolated 
airfoil 
PC, c velocity potential on circle corresponding to airfoil in 
cascade 
L 
cPmin velocity potential at leading edge of airfoil 
* stream function, I[w(z)] 
An stream function of mean stream of cascade flow 
stream function of uniform stream flowing about 
isolated .airfoil 
4 mean value of stream function over airfoil 
W variation of stream function, I&--J 
Subscripts 1 and 2 when appended to w’, V, and 1; indicate 
inflow and discharge values, respectively. 
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TABLE I. COORDINATES 01: f2(z-z,, y-y.) 
(a) Values of (y - y.)/S 
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0.4058 
.44Q3 
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,340 
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0.4001 
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.531G 
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:48G7 
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Ii!183 GQi4 
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0.6143 
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1.0203 
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1. l-104 
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1. 1003 
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1.1003 
1.1403 
1.1804 
I. 2205 1. 2201 I 2204 
1. 21x15 1. 2RM 1.2G05 
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__-- 
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-- 
-- 
-- 
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__ 
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._ 
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.- 
.- 
._ 
- 
‘1 ‘\=z 
“1 ‘1 
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1: g 
1:;; 
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0.05 0. M 
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,160s 
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.0545 
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.07Ql 
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.0497 
.0621 
-~ 
0.0750 
: %~ 
1195 
:136Q 
O: o”% 
.0871 
.1107 0.0392 
0.1560 
.1768 
: 2: 
.2498 .2396 .2222 0.1096 
0.2805 
: z% 
.3728 
.4OG4 
O: “2% 
.3117 
.3498 
.3881 
0.1777 
,231s 
: E; 
.3698 
0.0000 
1029 
:2352 
: 22 
0.2DQ4 0.2653 
.3OOG .2892 
.3331 .3239 
.SGDR .3595 
.4016 .3958 
__- 
0.4373 0.4327 
.4i3Q 4702 
.5111 : 6052 
,548s .546G 
.5871 .5853 
0. 10 
.12 
.I4 
.16 
.18 
-~ 
0. 20 
.22 
.24 
:,"; 
0.4412 
.47GQ 
.5135 
5508 
:588G 
0.4402 
.4x1 
: .f% 
.5882 
0.4267 
.4G55 
:55.% 
.5830 
0.4108 
.4G01 
.5flo3 
.5404 
.5805 
0.4128 
454s 
:4oGo 
.5371 
.5779 
0.3951 
4413 
:485Q 
.5204 
.5720 
-~ 
O.li140 ' 
11,555 , 
%i I 
0.8187 
.8502 
.8905 
9307 
: on9 
1.0201 
1. OfiO2 
1.1003 
1. 1403 
1.1804 
I.?!04 
1.2fiO5 , 
1.3005 
1.3405 
I.3805 
-____ 
1.4205 
1.4605 
I.5005 
1.5405 
1.5805 
--- 
1. G205 
1 
0. fi2GQ 0.02G6 
GF55 I .Gti53 
: ::ii : T‘2: 
.7820 i828 
O.G205 
DGOG 
.7OOG 
0.6185 
G500 
: fi994 
.73oti 
7798 
0. li257 0.6243 
fili4G 
1703i 
.GB35 
7029 
i430 :7424 
.7825 .i820 
0.30 
:E 
.3G 
.38 
_--- 
0. 40 
::: 
::i 
0.8224 0.8223 
.8620 .8610 
: :::: : E 
.Q813 .Q812 
0.8221 0.8217 0.8211 
.8017 .8614 .8610 
DO15 .QO12 0000 
.Q413 .0411 9409 
.0811 .0810 .Q808 
0.8200 
: %2 
0403 
:Q804 
1.0211 1.0211 
1. OGlO 1.0610 
1.1000 1.1309 
1.1408 1.1403 
1.1808 1.1807 
1.0207 1.020B 
1.0607 1. OGOG 
1.1007 l.lOOB 
1.1407 1.140F 
1.180G 1.18OG 
1.0204 
1.0604 
1.1005 
1.1405 
1.1805 
1.8205 
1.0210 1.0200 
l.Ofin9 1.0608 
1.1008 1.1008 
1. 1408 
1.18Oi 
0. 50 
.“5: 
.5B 
.58 
1.2207 1.2207 1. 2207 1.220G 1.2206 1. 22OG 
1.2607 1.2B07 1.2007 1.2fiOR 1.2ROG 1. 2GOG 
1.3007 I.3006 1.300G 1.300A 1.3006 1. 3OOfi 
1. 3401; 1.340F 1, 34nfl 1.340R 1. 34OG 1.340~ 
1.38Oti 1.3806 1.380G 1.3ROG 1.380G 1. 38Oli 
1.2205 
1.2605 
3.3005 
1.3405 
1.3805 
0. GO 
.G2 
: g"F 
.G8 
1.420G 1.4206 1.42OF 1.4206 1.4206 
1.4DOR 1.4GOG I. 4fm I.4806 1.4606 
I.50013 1.5OOR 1. SOOG 1.500F 1.5006 
1.5406 1.5406 1.54OF 1.540F 1.5406 
1.5806 1.5806 1.580G 1.58OG 1.5806 
1.42OG 
1.4GOG 
1. 5006 
1.54013 
1.5806 
---- 
1.6206 
1.4205 
1.4G05 
1.5005 
1.5406 
1.5806 
-~ 
1.6206 0. io 1. G20F 1. G206 l.S20F 1 1.620G 1.6206 
TABLE I. COORDINATES OF j2(z--50, y-yy.)----Concluded 
(b) Values of (z-cc2,)/S 
- 
_- 
_ 
_- 
- 
0.100 1 0.125 1 0.150 / O.li5 I 0.200 ! 0.226 ! 0.250 
\ Y--u. ‘T \
J2 
i 
‘7 
‘1 --~ 
0 / 0.025 0.050 0.075 t 
.- 
__-- __-- 
0.0258 0.0060 
.0293 .0151 
.0332 .0217 
.0377 .0281 
.042a .0346 
0.0485 0.0414 
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.0710 : %G 
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: % : 
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-0.40 
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1:;: 
--.24 
-.22 
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.0406 
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: :z :1330 11 5 
-0.20 
-.18 
-. 16 
-_ 14 
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: i.E 
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.3437 : 2:: 
O: :zt 0.1585 .1877 
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.222.5 
.3344 :%I 
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-.08 
-.06 
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-.02 
0.0408 
.1432 0.0487 
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